
Stanley-Reisner Rings (10/24/02)Speaker: Vi
 Reinerk(�) asso
iated a simpli
ial 
omplex � on vertex set V = k[xv : v 2 V ℄=I�, whereI� = fxv1 ; : : : ; xvr : fv1; : : : ; vrg 62 �g= arbitrary square-free monimial idealMotivation (i)Arbitrary graded rings deform to k[�℄'s, leaving many properties (Knull dimension, Hilbert series, degree of proje
tionembedding) un
hanged; and having many homologi
al invariants only in
reasing.Motivation (ii)For k[d℄, almost any (ring-theoreti
) homologi
al invariant (e.g., Tors(k[�℄; ), Hm(k[�℄) lo
al 
ohomology) are 
om-puted via simpli
ial (
o-) homology of �. E.g., dependen
e on the 
hara
teristi
 of the �eld k 
an be subtle for thesering invariants, but 
omes down to torsion for H(�; k).��qqqqqqq� �MMMMMMM �qqqqqqq
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� = = IRP 2 has k[�℄ = k[x1; x2; : : : ; x6℄=(x1x2x3; x1x2x6; : : :)with most of its homologi
al invariantsdepending upon whether 
har(k) = 2 or not, sin
e
~Hi(�; k) =8>>><>>>:0 i > 2k i = 2k i = 10 i = 0 if 
har(k) = 2= 0 8i; if 
har(k) 6= 2:Motivation (iii)For some 
ombinatorial problems about simpli
ial 
omplexes �, the approa
h via k[�℄ is the easy way or the onlyway. E.g., The upper bound 
onje
ture (UBC) for simpli
ial polytopes and spheres (Motzkin 1957?)CONJ: � a simpli
ial (d� 1)-dimensional sphere (e.g., boundary of a simpli
ial 
onvex polytope)

. . .

polar dual

same coordinatorial information

simplicial
 polytope

simple
polytopes ) fi(�)| {z }# i-dim'l simpli
ies� fi(�
(n;d))
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where �
(n;d) = boundary of the 
y
li
 d-polytope C(n; d) with n verti
es= 
onvex hull of any n points on the moment 
urve f(t; t2; : : : ; td) : t 2 IRg � IRde.g. n = 6
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C(6, 1)

C(6, 2)

C(6, 3)

{(t): t ∈ IR}

{(t, t2): t ∈ IR}

{(t, t2, t3): t ∈ IR}UBC is proven for 
onvex polytopes by Peter M
mullen in 1970 (?) using key observations about the n-ve
tors ...
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C(5, 3)   d=3

≅

f(�)(f�1; f0; f1; f2) = (1; 5; 9; 6)h(�)(h0; h1; h2; h3) = (1; 2; 2; 1)11 51 4 91 3 5 6(1 2 2 1 )= h(�)
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So Hilb(k[�℄; t) = f�1 + f0� t1� t�+ f1� t1� t�2 + f2� t1� t�3= 1 + 5� t1� t�+ 9� t1� t�2 + 6� t1� t�3= h0 + h1t+ h2t2 + f3t3(1� t)3= 1 + 2t+ 2t2 + t3(1� t)3M
Mullen's observation 1UBC follows from hi(�) � �n� d+ i� 1i �where n = f0 = # of verti
es.(follows from expli
it knowledge of fi for boundary of C(n; d) and a little mu
king around... )M
Mullen's observation 2hi(�) � �n� d+ i� 1i � is easy to prove by indu
tion on fd�1 = # of fa
ets (=maximal fa
es) for � whi
h are pureshellable simpli
ial 
omplies (of dimension d� 1 with n verti
es)� is shellable if it 
an be built up by ordering fa
ets F1; F2; : : : so that 8i � 2,Fi \ �[j<iFj�| {z }sub 
omplex gen'd by F1; F2; : : : ; Fi�1is pure of 
odimension inside FiWhen d = 3, d� 1 = 2,
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F5

F2

F6Brngesser & Mani (1969?), Boundary of 
onvex polytopes are shellable (this proves UBC)M
Mullen's observation 3For � shellable, hi(�) 
ounts something: it is equal to the number of fa
ets Fi is shelling having d � i new walls, iold walls, where d� i new walls are not in [j<iFi.e.g.,
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fa
ets new walls d: # new wallsF1 123 12, 13, 23 0 gh0 = 1F2 134 14, 34 1 	h1 = 2F3 145 15, 45 1F4 345 35 2 	h2 = 2F5 235 25 2F6 125 ; 3 gh3 = 1For shellable �, 3



Cor 1: hi(�) � 0Cor 2: hi(�) = hd�i(�) (provided � is the boundary of a d-dimensional polytope, or more generally has a shellingorder whose reverse is also a shelling order).1905z }| {Dehn� 1927z }| {Sommerville equations. (The reverse of a Barg-Mani shelling is still a shelling, and \old" $ \new")
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