
132 Chapter 2 Homology

11. Show that if A is a retract of X then the map Hn(A)→Hn(X) induced by the

inclusion A ⊂ X is injective.

12. Show that chain homotopy of chain maps is an equivalence relation.

13. Verify that f # g implies f∗ = g∗ for induced homomorphisms of reduced

homology groups.

14. Determine whether there exists a short exact sequence 0→Z4→Z8⊕Z2→Z4→0.

More generally, determine which abelian groups A fit into a short exact sequence

0→Zpm→A→Zpn→0 with p prime. What about the case of short exact sequences

0→Z→A→Zn→0?

15. For an exact sequence A→B→C→D→E show that C = 0 iff the map A→B

is surjective and D→E is injective. Hence for a pair of spaces (X,A) , the inclusion

A↩X induces isomorphisms on all homology groups iff Hn(X,A) = 0 for all n .

16. (a) Show that H0(X,A) = 0 iff A meets each path-component of X .

(b) Show that H1(X,A) = 0 iff H1(A)→H1(X) is surjective and each path-component

of X contains at most one path-component of A .

17. (a) Compute the homology groups Hn(X,A) when X is S2 or S1×S1 and A is a

finite set of points in X .

(b) Compute the groups Hn(X,A) and Hn(X,B) for X

a closed orientable surface of genus two with A and B

the circles shown. [What are X/A and X/B ?]

18. Show that for the subspace Q ⊂ R , the relative homology group H1(R,Q) is free

abelian and find a basis.

19. Compute the homology groups of the subspace of I×I consisting of the four

boundary edges plus all points in the interior whose first coordinate is rational.

20. Show that H̃n(X) ≈ H̃n+1(SX) for all n , where SX is the suspension of X . More

generally, thinking of SX as the union of two cones CX with their bases identified,

compute the reduced homology groups of the union of any finite number of cones

CX with their bases identified.

21. Making the preceding problem more concrete, construct explicit chain maps

s :Cn(X)→Cn+1(SX) inducing isomorphisms H̃n(X)→H̃n+1(SX) .

22. Prove by induction on dimension the following facts about the homology of a

finite-dimensional CW complex X , using the observation that Xn/Xn−1 is a wedge

sum of n spheres:

(a) If X has dimension n then Hi(X) = 0 for i > n and Hn(X) is free.

(b) Hn(X) is free with basis in bijective correspondence with the n cells if there are

no cells of dimension n− 1 or n+ 1.

(c) If X has k n cells, then Hn(X) is generated by at most k elements.


