PERMUTATIONS

APPENDIX F

Permutations

If S is a finite set, then a permutation of S is a function f:S—S§ that has the
following two properties:

1. if a and b are distinct elements of S then f{a) and f{b) are also distinct
elements of S;

2. for every element y of § there is an element x of § such that y = f{x).

It is customary to display permutations as a collection of cycles. A cycle of a permutation
f 1s a cyclic sequence

(ay ay ... ap)
where

al+1 =f(al) fOI' i:1,2,...,k'1
and
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EXAMPLE F.1 If §={1,2,3,4,5,6,7} and f(1)=6,f2)=5,f3)=17,f(4) =4,

f(5)=3,f6)=1,f7)=2, then (16), (5372),and (4) are cycles of f, asare (6 1)
and (3 7 2 5). However, since cycles are, by their definition, cyclically ordered it

follows that

(16)=(61) and (5372)=(3725)=(7253)=(2537).

Hence (16), (5372),and (4) are the complete set of cycles of f and we write

F=(16)(5372)@).

The order of the cycles is immaterial. Thus,

F=(16)5372)4) = (5372)@)(16) = H(16)(5372) = 37256 )=....

EXAMPLE F.2 If S=1{1,2,3,4,5,6,7,8,9,a,b,c} and f(1)=a,f2)=1,f3) =

c,fl4) =8,/(5=9,f6)=7,/7) =3,/(8) =4,/9) = 6,fla) =2,/(b) = b,f(c) =5, then

f=Q21a)73c¢596)438)D).

If f and g are permutations of the same set S, then the composition f+g is also

a permutation of § such that

F.2



PERMUTATIONS

(f+g)(x) = flg(x)) forall x in S.

EXAMPLEF.3 If f=(16)5372)4) and g=(1726354) then

(o) = flg(l) = A7) = 2
(&)@ = flg(2) = f6) =1
()3 = flg3) = f5) =3
(o) = flg@) = f(l1) = 6
()3 = flg(d) = fl4) = 4
(F+8)(6) = fig6) = f(3) =7
()N = fleg(N) = f2) = 5.

Consequently, f+g = (1 2)(3)(4 6 75). Similarly,

(gtN(1) = g(f(1) = g(6) = 3
(g*tN(2) = g(f2) = g(5) = 4
(gtN(3) = g(f3) = g(7) = 2
(gtN(4) = g(fi4) = g(4) =1
(tH(5) = g(fi5) = gB) =5
(g+N(6) = g(f6) = g(1) =7
(&tN(7) = g((7) = g(2) = 6.

Consequently, g+f = (1324)(5)(6 7).
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EXERCISES F

Rewrite the functions of exercises 1-5 in terms of their cycles.

L. f()=6,/2)=5,f3)=7,f4)=2,5) =3,f(6)=L,A7) = 4.

2. f)=6,/2)=5,f3)=7,f(4)=8,/(5) =3,f(6)=1,A7) =2, f(8) =4.

3. f()=9,/2)=5,f3)=7,f(4)=8,f(5) =3,f(6)=1,A7) =2, f(8 =4,/(9) =6.

4. f()=9,/2)=5,f3)=7,f(4)=8,/(5) =3,f(6)=1,f(7) = a, f(8)=4,/9) =6,
fla)=2.

5. f(1)=9,/2)=5,f3) =b,f(4) =8,/(5) =3,/(6)=1,f(7) = a, f(8)=4,/9) =6,
fla)=2,fb)="1.

6. Suppose f=(123456789),g=4321)(5)O87)6), h=(12)34)56)(7

8)(9). Display the following compositions in terms of their cycles.

a) fte b) gtf C) fth d) h+f
€) gth f) h+g 2) ftf h) g+g
i) h+h
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