Mathematics 141 — Fall 2005 Quiz #11 (11/18/05)

#1 [4 pts] Evaluate
/cos 6 (sin 6)*/2 d6.
(Hint: Use substitution.)

Substitute v = sin #, du = cos 8 df to obtain

/u4/3du = %uw?’—i—c = ;(sin9)7/3+0.

2z — 2
#2a [3 pts] Find the partial fraction decomposition of ———.
2 + 2x

The denominator x2? + 2z factors as (2 + x), so the partial fraction decomposition has the form
20 —2 A B

22+2r @ + z+2
where A and B are constants. Cross-multiplying gives
20 -2  Al@+2)+Bx  Ax+2A+Bx  (A+B)r+2A

2+ 2r x(z +2) B 2+ 2+

Equating coefficients, we see that 2z — 2 = (A + B)zx + 24, so
A+B=2
94 = 2,

and this system of equations has the unique solution A = —1, B = 3. So the desired partial fraction
decomposition is

2z — 2 -1 3

22+2c | =z x+2

422 —2
#2b [3 pts] Use your answer to #2a to evaluate / ——— d=x.
2 x2 4 22

We have by the previous problem
4 4
20 — 2 -1 3
——dx = — d
/2 22z /2 (x+x+2) v
Y —dx /4 3dx
9 T 9 T+2
= —1In(4) +1n(2) = In2. For the second integral, substitute u = z+2, du = dx

4 6
/ Sdr T30 3104]® = 31n6— 34,
2 :U—I—Q 4 u 4

The first integral is —In ac];1
to obtain




Putting the two pieces together, we obtain the answer

3106 —3Ind +In2

which can be simplified to In(27/16).

#3 [5 pts] Evaluate

or explain why it does not exist.

In fact, the improper integral converges:

/ e dr = lim /e*“ dx}
1 n—oo L1

r —4zn
= lim _ ] }
n—oo | 4 1

n—oo L 4 4

#4 [5 pts] Use the trigonometric substitution z = sec 6 to evaluate
dx

2\ x2 — 1

Substitute x = sec, dr = secftanf df to obtain

dx sec 6 tan 6 df
/ x2vx? — 1 / sec? Ov/sec2 0 — 1
_ / tan 6 df
sec#Vtan? @
B do
B / sec 6

/cosﬁd@ = sinf + C.

Now replacing 6 with arcsec x yields the answer ‘sin arcsec x + C |, or equivalently ‘sin arccos(1/xz) 4+ C. ‘

This in turn can be expressed as an algebraic function:

V/1 — cos?(arccos(1/z)) + C

= 1-1/22+C

21
- Yo

T

sinarccos(1/z) + C



Bonus (a) Use integration by parts twice to evaluate the indefinite integral

/e_m sinx dx.

Integrate by parts with u = e¢™*, du = —e™* dz, dv = sinx dx, v = — cosx to get
/e*gc sinz dr = —e ®cosz — /e*gc cos .
To evaluate the resulting integral, use integration by parts again, this time setting u = e™", du = —e™* dx,

dv = cosx dx, v = sinx, to obtain
/e*”” cosx = e ° sina:—i—/e*w sin x dax.

Combining these calculations, and letting I denote the original integral, we obtain

I = /e*”” sinx dx

= —e* cos;v—/e*w CcoS T

= —e ®cosz— (e‘r sinx + /e‘” sinx dx)

= —e %coszx—e Fsinz — 1.

Therefore 21 = —e™* cosx — e~ *sinx (plus a constant), that is,

—x o
—e Pcosr —e Psinx
I = 5 +C.

Bonus (b) Use your answer to (a) to evaluate the improper integral

oo
/ e ® sinz dz.
0

o0 r n
e ® sinzdr = lim e ® sinz dz
0 n—oo 0
r _ _ . n
. —e Pcosx —e Tsinx
= lim
n—oo L 2 0
. —e "cosn—e "sinn —1-0
= lim —
1



